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Abstract. In this paper, we show for a monomial ideal I of K[x1, x2, . . . , xn]
that the integral closure I is a monomial ideal of Borel type (Borel-fixed,
strongly stable, lexsegment, or universal lexsegment respectively), if I has the
same property. We also show that the kth symbolic power I(k) of I preserves
the properties of Borel type, Borel-fixed and strongly stable, and I(k) is lexseg-
ment if I is stably lexsegment. For a monomial ideal I and a monomial prime
ideal P , a new ideal J(I, P ) is studied, which also gives a clear description of
the primary decomposition of I(k). Then a new simplicial complex J△ of a
monomial ideal J is defined, and it is shown that I
J△∨ =
√
J . Finally, we
show under an additional weak assumption that a monomial ideal is universal
lexsegment if and only if its polarization is a squarefree strongly stable ideal.
Key Words: Borel type monomial ideal; kth symbolic power; integral
closure; polarization; universal lexsegment monomial ideal
1 Introduction
Throughout the paper, K is an infinite field and let S = K[x1, x2, . . . , xn] be the polyno-
mial ring with n indeterminants over K. If an ideal I is generated by u1, . . . , us, then we
denote it by I = 〈u1, . . . , us〉. For a monomial ideal I of S, recall that I is called strongly
stable if for any monomial u in I and any i < j ≤ n, xj | u implies xi(u/xj) ∈ I. Recall
∗This research is supported by the National Natural Science Foundation of China (Grant No.
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that I is called Borel-fixed, if α(u) ∈ I holds for any invertible upper n× n matrix α over
K. Recall that I is called of Borel type if
I : x∞i = I : 〈x1, x2, . . . , xi〉∞ (∗)
holds for every i = 1, . . . , n. It is known that each strongly stable monomial ideal is Borel-
fixed, and the converse holds under the additional assumption char(K) = 0. Bayer and
Stillman in [3] noted that Borel-fixed ideals satisfy condition (∗). Herzog et al. in [7] gave
the definition of a Borel type monomial ideal, and they proved among other things that
a Borel type monomial ideal is sequentially Cohen-Macaulay, see also [10]. Furthermore,
there are other two classes of strongly stable monomial ideals, namely, monomial ideals
which are lexsegment or universal lexsegment, see [2] or [6]. We have the following relations
for conditions on a monomial ideal:
universal lexsegment=⇒lexsegment=⇒strongly stable=⇒ Borel-fixed=⇒ of Borel type.
The following is the fundamental characterization of Borel type monomial ideals:
Proposition 1.1. ([6, Proposition 4.2.9]) For a monomial ideal I of S, the following
conditions are equivalent:
(1) I is of Borel type.
(2) For each monomial u ∈ I and all positive integers i, j, s with i < j ≤ n such that
xsj | u, there exists an integer t ≥ 0 such that xti(u/xsj) ∈ I.
(3) Each associated prime ideal P of I has the form 〈x1, x2, . . . , xr〉 for some r ≤ n.
In [4, Proposition 1], Mircea Cimpoeas observed that the afore mentioned property
is preserved under several operations, such as sum, intersection, product, colon. For a
monomial ideal I of Borel type, note that I : m∞ = I : mr holds for r >> 0, thus the
saturation I : m∞ is a monomial ideal of Borel type. The root ideal
√
I is a prime ideal
of the form 〈x1, x2, . . . , xr〉, and is thus universal lexsegment.
Some parts of the following proposition are well known, the others are direct to check,
so we omit the verification.
Proposition 1.2. Let I, J, L be monomial ideals of S.
(1) If further I, J are of Borel type (strongly stable, respectively), then each of the
following is a monomial ideal of Borel type ( strongly stable, respectively):
I ∩ J, I + J, I : L, IJ.
In particular, the saturation I : m∞ of I is of Borel type (strongly stable, respectively) if
I has the same property.
(2) If further I, J are Borel-fixed ideals, then each of I ∩ J, I + J, I : J, IJ is again
Borel-fixed. In particular, the saturation I : m∞ of I is Borel-fixed.
(3) If further I, J are lexsegment (universal lexsegment, respectively) ideals, then each
of I ∩ J, I + J, I : L is again lexsegment (universal lexsegment, respectively).
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Let I be a Borel-fixed monomial ideal, and L a monomial ideal which need not to be
Borel-fixed. The following example shows that the colon I : L may be not Borel-fixed.
Example 1.3. Let K be a field with char(K) = 2, and let S = K[x1, . . . , xn]. If
I = 〈x31, x1x22〉. It is direct to check that I is Borel-fixed. Set L = 〈x2〉. It is easy to see
that I : L = 〈x31, x1x2〉, which is not Borel-fixed.
The following example shows that IJ may be not lexsegment, even though I, J are
lexsegment.
Example 1.4. Let S = K[x1, x2, x3], and let I = 〈x31, x21x2, x21x3, x1x22, x1x2x3〉. It is easy
to see that I is lexsegment, and u = x21x
2
2x
2
3 ∈ I2. Note that v = x31x33 6∈ I2 and v >lex u,
so I2 is not lexsegment.
As an application of Proposition 1.2, we now give an alternative proof to the following:
Corollary 1.5. ([6, Proposition 4.3.3]) Let I ⊆ S be a monomial ideal of Borel type.
Then xn, . . . , x1 is an almost regular sequence on S/I.
Proof. In the proof of [6, Lemma 4.3.1], let M = S/I. Then the corresponding N (i.e.,
0 :M m
∞) is identical with (I : m∞)/I. Note that M/N ∼= S/(I : m∞) holds. If M = N ,
then each element of S1 is almost regular on M since M has finite length. Now assume
M 6= N . Since I : m∞ is monomial of Borel type and m 6∈ Ass(M/N), as is shown in the
proof of the Lemma 4.3.1, it follows by [6, Proposition 4.2.9(d)] that xn 6∈ ∪Ass(M/N),
i.e., xn is in the constructed open set U and thus is almost regular on S/I. The result
then follows by mathematical induction. 
2 Integral Closure I
Let I be any ideal of a commutative ring R. Recall from [11] that the integral closure I of
an ideal I consists of all elements of R which are integral over I. Note that I is an ideal
of R. For a monomial ideal I of S, I is generated by all monomials u such that uk ∈ Ik
holds for some k > 0. Thus the exponent set of all monomials in I is identical with the
integer lattice points in the convex hull of the exponent set of all monomials in I, see [11,
Proposition 1.4.6]. In this section, we will show that I is a monomial ideal of Borel type
(strongly stable, Borel-fixed, lexsegment, or universal lexsegment respectively), whenever
I has the same property.
Theorem 2.1. Let I be a monomial ideal of S and let I be its integral closure. If I is of
Borel type (strongly stable, Borel-fixed, lexsegment, or universal lexsegment respectively),
then I is also monomial of Borel type (strongly stable, Borel-fixed, lexsegment, or universal
lexsegment respectively).
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Proof. (1) Assume that I is monomial of Borel type. Then I is also monomial by [11,
Proposition 1.4.2] (see also [6, Theorem 1.4.2]). In order to prove that I is of Borel type,
we need only to verify that each associated prime ideal of I has the form 〈x1, x2, . . . , xj〉
for some 1 ≤ j ≤ n. In fact, let P ∈ Ass(I) and by [6, Corollary 1.3.10], there exists a
monomial v ∈ Mon(S) \ P such that P = I : v. By [6, Theorem 1.4.2], v 6∈ I implies
that vr 6∈ Ir holds for all integer r. For any xm ∈ P , clearly vxm ∈ I holds, thus there
exists a positive integer k such that xkmv
k ∈ Ik. Since Ik is also monomial of Borel
type and xkm | xkmvk ∈ Ik holds, thus for any 1 ≤ j < m, by [6, Proposition 4.2.9(2)],
there exists an integer t ≥ 0 such that xtjvk ∈ Ik. t > 0 holds since vk 6∈ Ik. Then
xtjv
k−1 ∈ Ik : v ⊆ I : v = P . By the choice of v, we have v 6∈ P thus vk−1 6∈ P . Then
xj ∈ P and it shows that I is of Borel type.
(2) Now assume that I is strongly stable. Then for any monomial u ∈ I, there exists
a positive integer k such that uk ∈ Ik. If xj | u, then xkj | uk. Assume uk = w1w2 · · ·wk,
in which wi ∈ Mon(S) ∩ I. Assume further that xaij | wi, where
∑k
i=1 ai = k and ai ≥ 0.
Then for any i < j, we have xaii (w1/x
ai
j ) ∈ I. Then
[xi(u/xj)]
k =
k∏
i=1
xaii (wi/x
ai
j ) ∈ Ik,
thus by [6, Theorem 1.4.2], xi(u/xj) ∈ I holds. This shows that I is strongly stable.
(3) Assume that I is Borel-fixed. Just as in (2), we assume uk = w1w2 · · ·wk ∈ Ik,
where wi ∈ I. Note that (α(u))k = α(uk), it will suffice to show that α(uk) ∈ Ik for every
α ∈ B, where B is the set of upper invertible n × n matrices over K. By Proposition
1.2(2), it is clear since I is Borel-fixed.
(4) Assume that I is lexsegment. For each u ∈ I, there exists a positive integer
k, such that uk =
∏k
l=1 ul ∈ Ik. Let u = xaii (
∏i−1
j=1 x
aj
j )(
∏n
t=i+1 x
at
t ), and let v =
xbii (
∏i−1
j=1 x
aj
j )(
∏n
t=i+1 x
bt
t ) such that bi > ai and
∑n
t=i bt =
∑n
t=i at. Assume that ul =
xalii (
∏i−1
j=1 x
alj
j )(
∏n
t=i+1 x
alt
t ) for 1 ≤ l ≤ k. It is easy to see
∑k
l=1 alj = kaj for 1 ≤ l ≤ n.
In the following, we will show that there exist v1, . . . , vk ∈ I such that vk =
∏k
l=1 vl, which
implies v ∈ I. In fact, we can choose vl under the following rule: If
∏n
t=i+1 x
alt
t = 1, then
set vl = ul and v
′
l = 1; If
∏n
t=i+1 x
alt
t 6= 1, then set vl = xali+1i (
∏i−1
j=1 x
alj
j ) · v′l, such that
degree(v′l) = degree(ul)−
∑i
j=1 alj − 1 and v′l |
∏n
t=i x
bi
i /
∏l−1
t=1 v
′
t with the exponent of xi
as small as possible. Note that ai < bi and degree(v) = degree(u), there exist a group of
v1, . . . , vk such that v
k =
∏k
l=1 vl.
(5) Assume that I is universal lexsegment. If the minimal generating set of I is
Gmin(I) = {u1, . . . , um} with u1 > u2 > · · · > um by pure lexicographic order, then
there exists a group of positive integers a1, . . . , am, such that ui = x
ai
i
∏i−1
j=1 x
aj−1
j for each
1 ≤ i ≤ m. Let C(I) be the convex hull of the set of lattice points {α | xα ∈ I}. By
Corollary 1.4.3 [6], I = 〈xα |α ∈ C(I)〉. Note that the structure of ui for 1 ≤ i ≤ m, it is
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not hard to see that I = I. Hence I is universal lexsegment. 
We remark that Theorem 2.1 (1) can also be proved in a similar way as is used in
proving (2) and (3).
It is known that I ⊆ I ⊆ √I holds for every ideal of a (noetherian) ring R. Thus√
I =
√
I holds. By the primary decomposition theorem (see [1, 5]), we record
Proposition 2.2. For any ideal I of a noetherian ring R, Min(I) = Min(I) holds, where
Min(I) is the set of all prime ideals minimal over I. In particular, a squarefree monomial
ideal I of S is integrally closed.
Proposition 2.3. For a monomial ideal I of S and any integer k ≥ 1, Ik ⊆ Ik holds.
Proof. First, note that
Ik = 〈{u ∈ S | ∃ l such that ul ∈ Ikl}〉
and
I
k
= 〈{
k∏
i=1
wi | ∃li, such that wlii ∈ I li}〉.
For every v =
∏k
i=1wi ∈ I
k
with wlii ∈ I li (∀i = 1, . . . , k), let l = lcm(l1, . . . , lk). Then
wli ∈ I l holds for each i = 1, . . . , k. Thus vl =
∏k
i=1w
l
i ∈ Ikl, which implies v ∈ Ik. 
The converse inclusion does not hold even for squarefree monomial ideals. We include
a counterexample below:
Example 2.4. Let u =
∏6
i=1 xi, and let
I = 〈x1x2x3, x1x4x5, x2x4x6, x3x5x6〉
be a squarefree monomial ideal of S = K[x1, x2, x3, x4, x5, x6], thus I = I. It is easy to
check u /∈ I2, but u2 ∈ (I2)2 holds and hence u ∈ I2. Thus I2 6⊆ I2.
3 The kth symbolic power I(k) of an ideal I
Let I be any ideal of a noetherian ring R. It follows from [5, Corllary 2.19] thatMin(I) =
Min(Ik) holds for all positive integer k, thus ∪
k≥1
Min(Ik) =Min(I). Recall that for each
P ∈ Min(I), ker(R 7→ (R/I)P ) is the P -primary component of I, and it depends only
on I and P in an irredundant primary decomposition of I. If
Ik = ∩
P∈Ass(Ik)
Q(P )
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is an irredundant primary decomposition of Ik, then Q(P ) = ker(R → (R/Ik)P ) holds
for each P ∈ Min(Ik), and ∩
P∈Min(Ik)
Q(P ) is independent of the primary decomposition
of Ik. Recall that
I(k) = ∩
P∈Min(I)
ker(R→ (R/Ik)P )
is called the kth symbolic power of I.
By [8, Section 3],
I(k) = Ik : (∩P∈Ass∗(I)\Min(I)P )∞,
where Ass∗(I) = ∪
k≥0
Ass(Ik). Thus it follows from Proposition 1.2 that if I is monomial
of Borel type, then so is I(k). In the following, we will give a direct and alternative proof
to the fact. We need some preparations.
Definition 3.1. Let B be a nonempty subset of [n]. For any monomial u = xa11 x
a2
2 · · ·xann ,∑
j∈B
aj is called the B-degree of the monomial u. An ideal I is called B-graded if fi ∈ I
holds for the B-graded decomposition f = f0 + f1 + · · ·+ fk of each f ∈ I, where fi is the
B-degree i component of f .
It is easy to check the following property.
Lemma 3.2. If I is a monomial ideal, then for every subset B of [n], I is B-graded.
Let A be a subset of [n]. For a monomial u = xα ∈ S with α = (a1, . . . , an), denote
α(A) = (b1, · · · , bn), where 

bi = ai if i ∈ A,
bi = 0 if i ∈ [n] \ A.
(1)
Denote u(A) = xα(A). We also denote M(A) = {u(A) | u ∈ M} for any nonempty subset
M of Mon(S).
For a prime ideal P and an ideal I of S, denote
J(I, P ) = {f ∈ S | ∃ g ∈ S \ P, such that fg ∈ I}.
Note that J(I, P ) = ker(S → (S/I)P ). For a monomial ideal I, let G(I) (Gmin(I)) be its
(minimal) generating set of monomials, and denote I(A) = Gmin(I)(A) for a subset A of
[n].
Proposition 3.3. Let I and P be monomial ideals of S. If P is a prime ideal, then
J(I, P ) is a monomial ideal. Furthermore,
I(XP ) = {u(XP ) | u ∈ Gmin(I)}
is a monomial generating set of J(I, P ), where XP = {i ∈ [n] | xi ∈ P}. In particular,
|Gmin(J(I, P ))| ≤ |Gmin(I)|.
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Proof. Assume P = 〈xi1 , · · · , xit〉 and let XP = {i1, . . . , it}. First, we will show that
J(I, P ) is a monomial ideal. For any f ∈ J(I, P ) and any g ∈ S \ P such that fg ∈ I,
let f = f0 + f1 + · · ·+ fm and g = g0 + g1 + · · ·+ gl be their XP -graded decompositions.
Then
(fg)r =
∑
i+j=r
figj .
It follows that f0g0 = (fg)0 ∈ I since I is a XP -graded ideal by Lemma 3.2.
We will prove that Supp(f) ⊆ J(I, P ) holds by induction on the graded component
number m of f . Since Supp(f0) ⊆ Supp(f), it will suffice to show that supp(f0) ⊆ J(I, P )
holds. For this purpose, let f0 = u1 + · · ·+ us and g0 = v1 + · · ·+ vc, where
Supp(f0) = {ui | 1 ≤ i ≤ s}, Supp(g0) = {vj | 1 ≤ j ≤ c},
u1 < u2 < · · · < us and vj < vj+1 under a suitable monomial order. Then it follows that
u1v1 ∈ I holds since I is a monomial ideal.
Note that v1 has degree 0 under the XP -grading, thus v1 6∈ P and hence u1v1 ∈ I
implies u1 ∈ J(I, P ). Since
u1v1g0 + (u2 + · · ·+ us)v1g0 = f0g0v1 ∈ I,
it follows that (u2 + · · ·+ us)v1g0 ∈ I. Note that both v1 and g0 have degree 0 under the
XP -grading, so does v1g0. It follows by induction that Supp(f0) ⊆ J(I, P ) holds. This
proves that J(I, P ) is a monomial ideal.
For the second statement, for a monomial u ∈ I(XP ), there exists a v ∈ Gmin(I),
such that u = v(XP ). Note that v(XP )v([n] \ XP ) = v ∈ I, and v([n] \ XP ) ∈ S \ P ,
so u = v(XP ) ∈ J(I, P ). On the other hand, if a monomial u ∈ J(I, P ), then there
exists a monomial w ∈ S \ P , such that uw ∈ I. Note that u(XP ) = (uw)(XP ), there
exits a monomial v ∈ Gmin(I), such that v|uw, and hence v(XP )|u(XP ). Thus J(I, P ) is
generated by I(XP ).
The last statement is clear. 
Corollary 3.4. Let P = 〈xi1 , · · · , xik〉 with xj /∈ P and xt ∈ P for every t < j. If a
monomial ideal I is of Borel type, then for every monomial u ∈ Gmin(J(I, P )), xl ∤ u for
each l ≥ j. In particular, if x1 6∈ P , then J(I, P ) = S.
Proof. Let B = {1, · · · , j − 1}. It will suffice to show that for every u ∈ I, there exists
a t ≥ 0, such that u(B)xtj ∈ I. But this is easy to check whenever I is of Borel type. 
Note that the above conclusion is still true when I is Borel-fixed, strongly stable,
lexsegment, or universal lexsegment.
By Proposition 3.3 and Corollary 3.4, the following proposition can be checked directly,
so we omit part of the proof.
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Proposition 3.5. Let P be a monomial prime ideal. If I is of Borel type (strongly stable,
Borel-fixed, lexsegment, or universal lexsegment respectively), then J(I, P ) is of Borel type
(strongly stable, Borel-fixed, lexsegment, or universal lexsegment respectively).
Proof. We only prove the case when I is of Borel type. Let P = 〈xi1 , · · · , xik〉 with
xj /∈ P and xt ∈ P for every t < j. Denote XP = {t | xt ∈ P} and B = {1, · · · , j − 1}.
Clearly, B ⊆ XP . For a monomial u ∈ Gmin(J(I, P )), by Corollary 3.4 and the definition
of J(I, P ), there exists a monomial w ∈ S \ P , such that uw ∈ I and (uw)(B) = u. For
every pair of m < l, if xl|u, then there exists a ≥ 0 such that xam(uw/xl) ∈ I, since I is of
Borel type. Let y = xam(uw/xl) and note that
y(XP ) = y(B) = x
a
m(u/xl),
hence xam(u/xl) ∈ J(I, P ). 
Note that for a universal lexsegment ideal I, depth(S/I) = n− |Gmin(I)|, see [9]. By
Proposition 3.5, J(I, P ) is also universal lexsegment. In order to consider the depth of
S/J(I, P ), we need J(I, P ) to be a proper ideal of S.
Lemma 3.6. For a monomial ideal I and a monomial prime ideal P of S, I ⊆ P holds
if and only if I(XP ) generates a proper ideal of S, i.e., J(I, P ) is a proper ideal of S.
Proof. If P = 〈xi1 , · · · , xik〉 and is prime over I, then for each monomial u ∈ I ⊆ P ,
u(XP ) 6= 1, hence 〈I(XP )〉 6= S. On the other hand, if a prime ideal Q does not contain
I, then there exists a monomial v ∈ I \ Q, such that xj ∤ v for every j ∈ XQ. Thus
v(XQ) = 1, and hence 〈I(XQ)〉 = S. This completes the proof. 
By Proposition 3.3, Proposition 3.5 and Lemma 3.6, the following corollary is direct
to check, so we omit the proof.
Corollary 3.7. Let I be a monomial ideal, and P a monomial prime ideal containing I.
If further I is universal lexsegment, then depth(S/I) ≤ depth(S/J(I, P )) holds. Further-
more, the identity holds true if and only if {x1, . . . , x|Gmin(I)|} ⊆ P .
Now we are ready to prove the afore mentioned result:
Theorem 3.8. Let I be a monomial ideal of S. If I is strongly stable (Borel-fixed, or of
Borel type, respectively), then the kth symbolic power I(k) is also a monomial ideal which
is strongly stable (Borel-fixed, or of Borel type, respectively).
Proof. First we claim that I(k) is a monomial ideal. This can follow from the primary
decomposition theorem (see e.g., [5, Theorem 3.10]), together with [6, Theorem 1.3.1 and
Proposition 1.3.7]. For any P ∈ Min(I), note also that
ker(R→ (R/Ik)P ) = J(Ik, P ),
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thus gives a direct proof to the fact.
Note that Ik is strongly stable (Borel-fixed, or of Borel type, respectively), if I is
strongly stable (Borel-fixed, or of Borel type, respectively). Hence for every P ∈Min(I),
ker(R → (R/Ik)P ) = J(Ik, P ) implies that it is strongly stable (Borel-fixed, or of Borel
type, respectively) by Proposition 3.5. Thus
I(k) = ∩P∈Min(I)ker(R→ (R/Ik)P )
is strongly stable (Borel-fixed, or of Borel type, respectively) by Proposition 1.2. 
We remark that for a lexsegment ideal I, I(k) may be not lexsegment.
Example 3.9. Let S = K[x1, x2, x3], and let I = 〈x1, x2〉. Clearly, I is universal lexseg-
ment. But I(2) = I2 = 〈x21, x1x2, x22〉 is not lexsegment.
In the following, we will show that there exists a class of ideals whose symbolic powers
are lexsegment.
Definition 3.10. A monomial ideal I is called stably lexsegment ideal, if Ik is lexsegment
for each k > 0.
Example 3.9 also shows that a universal lexsegment ideal may be not stably lexsegment.
The following proposition shows that a stably lexsegment ideal may be not universal
lexsegment. We omit the proof.
Proposition 3.11. Let S = K[x1, x2]. If I is a lexsegment ideal of S, then I is stably
lexsegment.
Even though I being lexsegment does not imply I(k) being lexsegment, we have the
following conclusion.
Proposition 3.12. If I is a stably lexsegment ideal of S, then I(k) is lexsegment for each
positive integer k.
Proof. If I is stably lexsegment, then Ik is lexsegment for each positive integer k. By
Proposition 3.5, for each monomial prime ideal P , J(Ik, P ) is lexsegment. By Proposition
1.2, I(k) = ∩P∈Min(I)J(Ik, P ) is lexsegment. 
We end this section with a general result on I(k) for an ideal I in a Noetherian ring,
and will improve the result for monomial ideals in section 4.
Proposition 3.13. Let I be any ideal of a noetherian ring R. For each P ∈Min(I), let
Q(P ) be the primary component of the isolated prime ideal P of I. Then
(1) ∩
P∈Min(I)
Q(P )k ⊆ I(k) ⊆ ∩
P∈Min(I)
Q(P )(k) holds true.
(2) If Q(P )k is primary for each P ∈Min(I), then I(k) = ∩
P∈Min(I)
Q(P )k.
(3) For any positive integer k, I(k) = Ik if and only if Ass(Ik) ⊆ Ass(I) holds.
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Proof. (1) Let I = ∩
P∈Ass(I)
Q(P ) be any irredundant primary decomposition of I. For
any P ∈ Min(I) and any P1 ∈ Ass(I) \ {P}, there exists an element u ∈ P1 \ P . Thus
um ∈ Q(P1) \ P holds for some m ≥ 1. Thus Q(P1)SP = SP and hence ISP = Q(P )SP .
Then IkSP = Q(P )
kSP and hence Q(P )
k ⊆ Ker(R→ (R/Ik)P ). This shows
∩
P∈Min(I)
Q(P )k ⊆ I(k).
On the other hand, for any r ∈ Ker(R → (R/Ik)P ), there exists an element s 6∈ P
such that sr ∈ Ik. Then sr ∈ Q(P )k ⊆ Q(P )(k). Since Q(P )(k) is P -primary, it follows
that r ∈ Q(P )(k). This shows I(k) ⊆ ∩
P∈Min(I)
Q(P )(k).
(2) This follows from (1).
(3) Consider an irredundant primary decomposition
Ik = ∩
P∈Ass(Ik)
Q(P )
of Ik. Since Min(I) = Min(Ik) ⊆ Ass(Ik) always holds and
I(k) = ∩
P∈Min(Ik)
Q(P ),
it follows that Ik = I(k) holds if and only if Min(Ik) = Ass(Ik), and the latter holds if
and only if Ass(Ik) ⊆ Ass(I).

We remark that Min(Q(P )k) = {P} and in fact
Q(P )(k) = ker[R→ (R/Q(P )k)P ],
see [13, Theorem 23, page 232].
Corollary 3.14. ([6, Proposition 1.4.4]) Let I be a squarefree monomial ideal of a poly-
nomial ring K[x1, . . . , xn] over a field K. Then for any k,
I(k) = ∩
P∈Min(I)
P k.
P roof. For a squarefree monomials ideal I, Ass(I) = Min(I) and for each P ∈Min(I),
we have Q(P ) = P = 〈xi1 , . . . , xir〉. Then it is easy to verify that 〈xi1 , . . . , xir〉k is P -
primary, and the result follows from Proposition 3.13(2). 
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4 A simplicial complex and a decomposition of I(k)
for a monomial ideal I
In this section, we will use notations established before to improve Proposition 3.13 (1)
for monomial ideals. In doing so, we will define and study a new simplicial complex.
For a subset A of [n], 〈I(A)〉 = S if and only if 1 ∈ Gmin(I)(A), and the latter holds
if and only if there exists a monomial xα = xa11 · · ·xann ∈ Gmin(I) in which ai 6= 0 implies
i /∈ A. Thus if B ⊆ A and 〈I(A)〉 = S, then clearly 〈I(B)〉 = S also holds.
Definition 4.1. For any monomial ideal I of S, there is the following simplicial complex
I△ = {A ⊆ [n] | 〈I(A)〉 = S}.
It will be called the eliminating simplicial complex of I.
We remark that a simplicial complex on [n] usually contains all the singletons, but we
do not assume this condition. By Lemma 3.6, it is easy to prove the following proposition.
Proposition 4.2. If I is a monomial ideal of S, then Min(I) = {PB |B ∈ N (I△)},
where N (I△) consists of the minimal nonfaces of I△ and PB = 〈{xi | i ∈ B}〉.
In the following, we will consider about the radical ideal
√
I of I. Note that for a
monomial ideal u and a subset B of [n], u(B) = 1 if and only if
√
u(B) = 1. So Lemma
3.6 implies the following well known property.
Corollary 4.3. If I is a monomial ideal of S, then √I△ =I △. In particular, Min(
√
I) =
Min(I).
Let J be a monomial ideal of S. Recall from [12, 6] that the Stanley-Reisner ideal
of the simplicial complex J△ is the ideal IJ△ of S, which is generated by the squarefree
monomials xB =
∏
i∈B xi with B /∈ J△. The Alexander dual of J△, denoted by J△∨,
is defined by J△∨ = {[n] \ B |B /∈J △}. It is easy to see that for a subset B of [n],
B ∈ N (J△) if and only if [n] \B ∈ F(J△∨). We have the following observation.
Proposition 4.4. If J is a monomial ideal of S, then I
J△∨ =
√
J . In particular, if J is
a squarefree monomial ideal, then I
J△∨ = J .
Proof. Note that
√
J is squarefree, so
√
J = ∩P∈Min(√J)P = ∩P∈Min(J)P by Corollary
4.3. By Proposition 4.2, Min(J) = {PB |B ∈ N (J△)}. Hence the standard primary
decomposition of I
J△∨ is
I
J△∨ = ∩
B∈F(J△∨)
P[n]\B = ∩
A∈N (J△)
PA = ∩
P∈Min(J)
P =
√
J.
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Note that
√
J = J while J is squarefree, so the second part is clear. 
For a monomial u = xα with α = (a1, · · · , an), denote A(u) = {i | ai 6= 0}. In the
following, we will show that the inclusions appeared in Proposition 3.13(1) are actually
equalities for a monomial ideal I of S. For this purpose, we need the following Lemmas.
Lemma 4.5. Let I be a monomial ideal of S, and B a subset of [n]. If A(u) ⊆ B ⊆ [n]
holds for each u ∈ Gmin(I), then J(I, PB) = I.
Proof. By Proposition 3.3, J(I, PB) = 〈I(B)〉 holds. Note also that for each u ∈ Gmin(I),
A(u) ⊆ B holds by assumption, hence u(B) = u holds for every u ∈ Gmin(I). This is
equivalent to saying that J(I, PB) = I. 
In the following lemma, let Gk = {∏ki=1 ui | ui ∈ G} and set Gk(B) = (Gk)(B).
Lemma 4.6. Let G be a set of monomials of S, and Let B be a subset of [n]. Then for
any positive integer k, the identity 〈G(B)〉k = 〈Gk(B)〉 holds. In particular, 〈Gk(B)〉 = S
holds if and only if 〈G(B)〉 = S.
Proof. Clearly, we only need to prove the first statement. By definition, both 〈G(B)〉k
and 〈Gk(B)〉 are monomial ideals of S. On the one hand, for every monomial u ∈ 〈G(B)〉k,
there exists u1, · · · , uk ∈ G, such that
∏k
i=1 ui(B) | u. Note that
k∏
i=1
ui(B) = (
k∏
i=1
ui)(B),
k∏
i=1
ui ∈ Gk,
hold, hence u ∈ 〈Gk(B)〉. This shows 〈G(B)〉k ⊆ 〈Gk(B)〉. The other inclusion follows
from a similar argument. 
The following result improved Proposition 3.13 (1) for a monomial ideal I of S. It also
follows from [8, Lemma 3.1]. Below we include a direct and detailed proof.
Theorem 4.7. If I is a monomial ideal of S, then for any positive integer k, the kth
symbolic power is
I(k) = ∩
B∈N (I△)
J(Ik, PB).
Furthermore, J(I, PB)
k = J(I, PB)
(k) holds for each B ∈ N (I△) and thus
I(k) = ∩
B∈N (I△)
J(I, PB)
k = ∩
P∈Min(I)
[ker(S → (S/I)P )]k
holds.
Proof. The first equality follows from Proposition 4.2 and the definition of I(k).
For the remaining equalities, use Proposition 4.2 again to have
Min(I) = {PB |B ∈ N (I△)}.
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So, the kth symbolic power of I is nothing but
I(k) = ∩
B∈N (I△)
J(Ik, PB).
Note that both I = 〈G(I)〉 and Ik = 〈{G(I)}k〉 clearly holds, so that
J(Ik, PB) = 〈{G(I)}k(B)〉 = 〈{G(I)(B)}k〉 = J(I, PB)k
also holds by Lemma 4.6. This shows
I(k) = ∩
B∈N (I△)
J(I, PB)
k.
For the remaining statement, note that J(I, PB) is PB-primary with Min(J(I, PB)) =
{PB}. Hence
J(I, PB)
(k) = ∩
Q∈Min(J(I,PB))
J(J(I, PB)
k, Q) = J(J(I, PB)
k, PB)
holds. Finally, note that A(u) ⊆ B holds for every u ∈ GminJ(I, PB), it follows that
J(J(I, PB)
k, PB) = J(I, PB)
k, and hence J(I, PB)
(k) = J(I, PB)
k holds. This completes
the proof. 
In the end, we include an example to illustrate Theorem 4.7:
Example 4.8. Let I = 〈x21x23, x1x2x23〉. The irredundant primary decomposition of I is
I = 〈x21, x2〉∩〈x1〉∩〈x23〉. Hence Ass(I) = {〈x1〉, 〈x1, x2〉, 〈x3〉} andMin(I) = {〈x1〉, 〈x3〉}.
It is easy to check that for each k ≥ 1,
Ik = 〈{xk+i1 xk−i2 x2k3 | i = 0, 1, . . . , k}〉 = 〈xk1〉 ∩ 〈x2k3 〉 ∩ (∩ki=1〈xk+i1 , xk−i+12 〉).
Hence
I(k) = 〈xk1〉 ∩ 〈x2k3 〉 = 〈x1〉k ∩ 〈x23〉k = ∩
P∈Min(I)
J(I, P )k.
It is also clear that
∩
P∈Min(I)
J(I, P )(k) = 〈x1〉(k) ∩ 〈x23〉(k) = 〈x1〉k ∩ 〈x23〉k = I(k).
5 Polarization of universal lexsegment monomial ideal
Let I be a monomial ideal of S, and let < be a monomial order on S = K[x1, . . . , xn],
such that xn < xn−1 < · · · < x1. Let Gmin(I) = {u1, . . . , um} be the minimal generating
set of I, where ui =
∏n
j=1 x
aij
j for i = 1, . . . , m. Let ai = max{a1i, . . . , ami}. Recall that
the polarization of I is a squarefree monomial ideal T (I) = 〈v1, . . . , vm〉, where
vi =
n∏
j=1
aij∏
k=1
xjk
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for i = 1, . . . , m. Let ≺ be a monomial order on
T = K[x11, . . . , x1a1 , . . . , . . . , xn1, . . . , xnan ]
such that xij ≺ xkl if i > k or if i = k, j > l.
If choose< and≺ to be the same kind of monomial order(e.g., lexicographic order, pure
lexicographic order or reverse lexicographic order), which satisfies the above convention,
then the polarizing process is order-preserving, i.e., for each pair of u, v ∈ I, u < v if and
only if T (u) ≺ T (v).
Polarization is a powerful tool for studying quite a few important homological and
combinatorial invariants, see, e.g., [6, Corollary 1.6.3]. But unfortunately, the property of
being Borel type can not be kept in almost all cases after the process of polarization, as
the following example shows:
Example 5.1. Consider the strongly stable monomial ideal I = 〈x31, x21x2, x1x22〉. After
polarization, it becomes
J = 〈x11x12x13, x11x12x21, x11x21x22〉.
Since J is monomial and homogeneous, it is clear that J is not a Borel type monomial
ideal under any monomial order.
Theorem 5.2. Let I be a monomial ideal with Gmin(I) = {u1, . . . , um}, where ui =∏n
j=1 x
aij
j and u1 > u2 > · · · > um by pure lexicographic order. Let
aj = max{a1j , . . . , amj}
for j = 1, . . . , n. Then the following statement are equivalent.
(1) I is universal lexsegment;
(2) ui = x
ai
i
∏i−1
j=1 x
aj−1
j for i = 1, . . . , m;
(3) xi(u/x
bm(u)
m(u) ) ∈ I holds for each u =
∏n
j=1 x
bj
j ∈ I and each i < m(u);
(4) For any monomial u =
∏n
j=1 x
bj
j ∈ I, xi(u/xbjj ) ∈ I holds for each pair 0 ≤ i <
j ≤ n with bj > 0.
Proof. (1)⇔ (2) is well known (see [9]), and (2)⇒ (3) is clear.
(3) ⇒ (4): For any monomial u = ∏nk=1 xbkk ∈ I and each pair 0 ≤ i < j ≤ n with
bj > 0, xm(u)−1
∏m(u)−1
k=1 x
bk
k = xm(u)−1(u/x
bm(u)
m(u) ) ∈ I by (3). By induction, xj
∏j
k=1 x
bk
k ∈ I.
By (3) again, xi
∏j−1
k=1 x
bk
k ∈ I. Note that xi
∏j−1
k=1 x
bk
k | xi(u/xbjj ), xi(u/xbjj ) ∈ I.
(4) ⇒ (2): It will suffice to show that for each 1 ≤ k ≤ m, uk = xakk
∏k−1
j=1 x
aj−1
j and
aik = ak−1 for each k+1 ≤ i ≤ m. We will prove it by induction. It is clear that u1 = xa11
under the condition (4), and it is easy to see that ai = 0 implies that aj = 0 for each
j > i. Note that u1 > u2 > · · · > um by pure lexicographic order. Hence we can assume
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u2 = x
a21
1 x
a22
2 with a21 < a1 and a22 > 0. Note that x
a21+1
1 ∈ I, so a21 = a1−1. In a similar
way, we get ai1 = a1 − 1 for every i = 2, . . . , m. Now assume that the conclusion holds
true for all the integers less than k, and we are going to show that uk = x
ak
k
∏k−1
j=1 x
aj−1
j
and aik = ak − 1 holds for each k + 1 ≤ i ≤ m. By inductive assumption,
ui = (
k−1∏
j=1
x
aj−1
j )(
m∏
j=k
x
aij
j )
holds for each k ≤ i ≤ m. If assume to the contrary that aik < ak − 1 holds for some i,
then w = xaik+1k (
∏k−1
j=1 x
aj−1
j ) ∈ I. By the definition of ak, there exists an integer t ≥ k
such that xakk | ut holds. Hence w properly divides ut, contradicting ut ∈ Gmin(I). Hence
either aik = ak−1 or aik = ak holds for each k ≤ i ≤ m. Note that uk > uk+1 > · · · > um,
it is easy to check uk = x
ak
k
∏k−1
j=1 x
aj−1
j , and that aik = ak−1 holds for each k+1 ≤ i ≤ m.
This completes the verification. 
Remark 5.3. Note that (3), as an equivalent description of universal lexsegment ideal,
explores the difference between universal lexsegment ideal, strongly stable ideal and the
monomial ideal of Borel type. Actually, a universal lexsegment monomial ideal is a kind
of super-stable monomial ideal.
If I is a universal lexsegment ideal of S = K[x1, . . . , xn] with the minimal generating
set Gmin(I), it is clear that |Gmin(I)| ≤ n. We call a universal lexsegment ideal to be full,
if |Gmin(I)| = n.
In the following, we will consider about the polarization of some class of monomial
ideals with respect to <, and characterize the monomial ideals which become squarefree
strongly stable with respect to ≺ after polarization. Recall that a squarefree monomial
ideal I is called squarefree strongly stable, if for each squarefree monomial u ∈ I and each
pair j < i such that xi | u but xj ∤ u, one has xj(u/xi) ∈ I (see [2] or [6, page 124]).
Theorem 5.4. Let I be a monomial ideal with Gmin(I) = {u1, . . . , um}, where ui =∏n
j=1 x
aij
j and u1 > u2 > · · · > um by pure lexicographic order. Let
aj = max{a1j , . . . , amj}
for j = 1, . . . , n. Then T (I) is squarefree strongly stable, if I is universal lexsegment.
Further more, if aj 6= 1 holds for each j = 1, . . . , n, and for each 1 ≤ j < m, there exists
an integer i such that 0 < aij < aj, then T (I) is squarefree strongly stable if and only if
I is universal lexsegment.
Proof. If I is universal lexsegment, then uk = x
ak
k
∏k−1
j=1 x
aj−1
j for k = 1, . . . , m. Hence
T (uk) = (
k−1∏
i=1
aj−1∏
j=1
xij)(
ak∏
j=1
xkj).
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In the case, it is direct to check that T (I) is squarefree strongly stable. This complete
the proof of the first statement.
For the second statement, we only need to prove the necessity part. It is easy to see
that u1 = x
a1
1 . We claim that ai1 = a1 − 1 for every i = 2, . . . , m. In fact, if there exists
some ut such that at1 < a1 − 1, then consider
T (ut) = (
at1∏
j=1
x1j)(
n∏
i=2
ati∏
j=1
xij) ∈ T (I).
Since T (I) is squarefree strongly stable, it follows that v = x1,at1+1(T (ut)/x21) ∈ T (I)
holds. Note that for each generating element u of T (I), if xij |u, then xi,j−1|u, . . . , xi,1|u
hold. Hence v ∈ T (I) implies v1 = x1,at1+1(T (ut)/
∏at2
j=1 x2j) ∈ T (I). Note that for any
j, x2j ∤ v1, thus x2,a2(v1/x31) ∈ T (I) whenever x31 | v1. Repeat the discussion above, it
follows that x2,a2(v1/
∏at3
j=1 x3j) ∈ T (I), and hence v1/
∏at3
j=1 x3j ∈ T (I) holds since a2 > 1.
By induction, we have
∏at1+1
j=1 x1j ∈ T (I), contradicting T (u1) ∈ Gmin(T (I)). Hence
at1 = a1 − 1 holds for each t = 2, . . . , m. Finally, repeat a discussion used in proving
(4)⇒ (2) of theorem 5.2, the result follows by induction. 
Now assume that aj 6= 1 holds for each j = 1, . . . , n. If there exists some j with aj > 1,
such that either aij = 0 or aij = aj for each i = 1, . . . , m, then the situation will be a
little more complicated than the case in Theorem 5.4. In this case, let WI = {j | aj 6= 0},
and let AI = {j ∈ WI | either aij = aj or aij = 0 for each i = 1, . . . , m}, and let
BI = WI \ AI . Note that if T (I) is squarefree strongly stable, then WI = [r] holds for
some r ≤ n. In this case, we can decompose AI into several mutually disjoint subsets
consisting of successive integers, and denote AI = ∪kt=1At where
At = {j ∈ Z+ |mt−1 + 1 ≤ j ≤ lt}.
Similarly, let BI = ∪kt=1Bt, where Bt = {j ∈ Z+ | lt + 1 ≤ j ≤ mt}.
For each j ∈ AI , either aij = 0 or aij = aj holds for any i = 1, . . . , m. Consider the
following two cases: If aij = 0, we claim that it implies ai,j+1 = ai,j+2 = · · · = ain = 0.
In fact, if ait > 0 for some t > j, then T (ui) ∈ T (I) holds with xt1 | T (ui). Since T (I) is
squarefree strongly stable, xj,aj (T (ui)/xt1) ∈ T (I) holds. Note also that aj > 0 holds, thus
it implies T (ui)/xt1 ∈ T (I), contradicting ui ∈ Gmin(I). On the other hand, if aij = aj
holds, then the polarization of ui contains
∏aj
t=1 xjt as its factor, which contains all the
indeterminants related to xj . Note that in each case, essentially there is little change in
the problem we are working with. Due to this reason, the following proposition is routine
to check, and we omit the detailed proof.
Proposition 5.5. If aj 6= 1 for each j = 1, . . . , n, then T (I) is squarefree strongly stable
if and only if I =
∑k
i=1(LiMi
∏i−1
j=1(LjM
′
j)), where
Lj = 〈
lj∏
t=mj−1+1
xatt 〉, M
′
j = 〈
mj∏
t=lj+1
xat−1t 〉,
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for every j = 1, . . . , k, and Mj is a monomial ideal of S generated by a full universal
lexsegment ideal in the polynomial ring K[xlj+1, xlj+2, . . . , xmj ], where
0 = m0 < l1 ≤ m1 < l2 ≤ m2 < · · · < lk ≤ mk ≤ n.
Remark 5.6. In Proposition 5.5, the equality
I =
k∑
i=1
(LiMi
i−1∏
j=1
(LjM
′
j))
can be interpreted in the following: A universal lexsegment ideal on BI is cut into several
parts by some principal ideals with respect to AI . Note also that the equivalence descrip-
tion would be rather complicated without the assumption aj 6= 1 for each j = 1, . . . , n,
because it will be some universal lexsegment ideals, squarefree strongly stable ideals being
cut into several parts by some principal ideals.
Example 5.7. Let
I = 〈x31, x21x2x3, x21x2x4, x21x2x35x36, x21x2x35x26x27, x21x2x35x26x7x28〉.
It is easy to see that T (I) is squarefree strongly stable. By computation,
a1 = 3, a2 = 1, a3 = 1, a4 = 1, a5 = 3, a6 = 3, a7 = 2, a8 = 2.
An explanation is that T (I) is going to be divided approximately into several parts: for
x1, it is universal lexsegment; for x2, x3, x4, it is squarefree strongly stable; for x5, it is a
principal ideal; for x6, x7, x8, again it is universal lexsegment.
Definition 5.8. Let I be a monomial ideal, and let Gmin(I) = {u1, . . . , um} with ui =∏n
j=1 x
aij
j for i = 1, . . . , m. The vector (a1, a2, . . . , an) is called the exponent vector of I,
where ai = max{a1i, . . . , ami}. For a squarefree monomial ideal
J ⊆ K[x11, . . . , x1τ1 , . . . , . . . , xn1, . . . , xnτn ],
the vector (b1, b2, . . . , bn) is called the extension vector of J , where
bi = max{j | ∃ u ∈ Gmin(J) such that xij | u}.
By definition, the following Proposition is clear.
Proposition 5.9. For any monomial ideal I, The exponent vector of I is equal to the
extension vector of T (I).
Proposition 5.10. Let J be a polarization of some monomial ideal of S, with the exten-
sion vector (b1, . . . , bn). If J is squarefree strongly stable and bi 6= 1 for each i = 1, . . . , n,
then the number of monomial I such that T (I) = J is 2t, where t = |WI |.
Proof. By Proposition 5.5, I is uniquely determined by the exponent vector (a1, . . . , an)
and the set AI . By Proposition 5.9, (a1, . . . , an) = (b1, . . . , bn) is a constant vector. Hence
I is completely determined by the set AI . Note that AI could be any subset of WI , so
the number of I such that T (I) = J is 2t, where t = |WI |. 
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